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THE FIRST-ORDER GENUS OF A KNOT
PETER HORN
Abstract. We introduce a geometric invariant of knots in S3, called the first-order genus, that is
derived from certain 2-complexes called gropes, and we show it is computable for many examples.
While computing this invariant, we draw some interesting conclusions about the structure of a general
Seifert surface for some knots.
1. Introduction
The main objective of this paper is to define and investigate a geometric knot invariant that is stronger
than the genus of a knot and that is in fact a “higher-order genus” of a knot. The invariant is called the
first-order genus and is denoted g1. Roughly speaking, one obtains the first-order genus of K by adding
the genera of certain curves on a minimal genus Seifert surface for K. Further details will be provided
in Section 2. We prove that the first-order genus is bounded below by the three-dimensional genus (cf.
Proposition 2.3) and hence is more suitable than the slice genus for distinguishing infinitely many knots
that have the same genus. We also prove that our invariant is independent of many classical three- and
four-dimensional geometric and algebraic knot invariants.
Theorem 3.4. There exists an infinite family of (distinct) knots H with the property that for all K,J ∈
H with K 6= J , the following hold:
(1) g(K) = 1,
(2) ∆K(t) = 1,
(3) K is smoothly slice, and
(4) g1(K) 6= g1(J).
To compute the first-order genus of K, one must inspect all minimal genus Seifert surfaces of K
(details are again postponed until Section 2). Thus, any information about an arbitrary minimal genus
Seifert surface helps in the computation of the first-order genus. For knots J and L and integers m and
n, let K(J, L,m, n) denote the knot pictured below:
m n
J L
Using cut-and-paste techniques common to three-dimensional topology, we are able to prove the follow-
ing, which tells us a great deal of information about any minimal genus Seifert surface for K(J, L,m, n).
Theorem 4.11. If J and L are neither trivial nor cable knots, then any minimal genus Seifert surface
for K(J, L,m, n) has a symplectic basis (α, β) where α and J have the same knot type, and β and L
have the same knot type.
Corollary 4.12. Under the hypotheses of Theorem 4.11, g1(K(J, L,m, n)) ≥ g(J) + g(L).
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→ K
Now consider the following diagram of the unknot (on the left):
One can construct a new knot by taking the left-hand band (which consists of two strands) and tying
it into a knot K. This is the well-known Whitehead double of K, denoted Wh0(K) and depicted on
the right, which has genus one regardless of the knot K. If two knots have the same genus, one might
try to distinguish the knots by showing they have different slice genera. This approach might be fruitful
when trying to distinguish a finite number of knots of the same genus but will fail when investigating any
infinite family. While the knot genus and topological slice genus do not distinguish untwisted Whitehead
doubles, the following proposition indicates that the first-order genus will sometimes distinguish them.
Proposition 3.2. Let J be a nontrivial and noncable knot, and let Wh0(J) denote the (positively- or
negatively-clasped) untwisted Whitehead double of J . Then g1(Wh0(J)) = 1 + g(J).
We use our invariant to distingish Whitehead doubles not studied by Brittenham and Jensen in [BJ06].
In the early 1950s, Schubert found a lower bound for the genus of a satellite knot [Sch53]. More
specifically, if K is a winding number n satellite of K̂, where K˜ is the pattern knot, we have
g(K) ≥ n g
(
K̂
)
+ g
(
K˜
)
If K is a winding number zero satellite of K̂, Schubert’s inequality sometimes fails to give an accurate
lower bound for g(K). For example, think of the Whitehead double of a knot to be a winding number
zero satellite whose pattern is the unknot. Our Proposition 3.2 and Corollary 4.12 are evidence that our
invariant is more suited for distinguishing winding number zero satellites.
Cochran [Coc04] defined the higher-order Alexander modules and higher-order linking forms, and
Cochran-Orr-Teichner [COT03] introduced higher-order L2-signatures to the study of knot concordance.
As demonstrated in [Coc04] and [COT03], these higher-order algebraic invariants can distinguish knots
with identical classical algebraic invariants, provided the classical Alexander module is nontrivial. In
contrast, our invariant does distinguish some knots with trivial Alexander module (cf. Theorem 3.4).
To the author’s knowledge, the first-order genus is the first higher-order geometric invariant.
2. Definitions
Let Σ be a once-punctured, orientable surface of genus g > 0. A symplectic basis of curves for Σ
is a collection α1, β1, . . . , αg, βg of simple closed curves that satisfies the following:
(1) α1, β1, . . . , αg, βg forms a basis for H1(Σ),
(2) αi ∩ βj is a point if i = j and is empty if i 6= j,
(3) αi ∩ αj is empty if i 6= j, and
(4) βi ∩ βj is empty if i 6= j.
If Σ has positive genus, then Σ has infinitely many symplectic bases. We now recall the definition of a
grope. A grope is a 2-complex that is formed by gluing once-punctured, orientable surfaces (henceforth
“surfaces”) in stages. A grope of height one is just a surface Σ. Given a symplectic basis α1, β1, . . . , αg, βg
for Σ, we construct a grope of height h + 1 by attaching gropes of height h to each αi and βi along
the boundary circles (of the height h gropes). Teichner [Tei04] has a wonderful description of different
types of gropes. Gropes have appeared recently in filtrations of the knot concordance group (cf. [COT03]
and [CT07]).
If K is a knot in S3 with Seifert surface Σ and J is a simple closed curve on Σ, then lk(K,J) = 0; that
is, J is nullhomologous in S3 −K. Thus, we can find an orientable surface embedded in S3 −K that is
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bounded by J . Define g(J ;K) to be the minimum of the genera of orientable surfaces embedded in S3−K
that are bounded by J . If F : S3×[0, 1]→ S3 is an isotopy, then g(F (J, 0);F (K, 0) = g(F (J, 1);F (K, 1)).
Definition 2.1. Define the first-order genus of the unknot to be zero. If K is a nontrivial knot, define
the first-order genus of K to be
g1(K) = min {min {g(α1;K) + g(β1;K) + · · ·+ g(αg;K) + g(βg;K)}}
where the innermost minimum is taken over all symplectic bases of a given minimal genus Seifert surface,
and the outermost minimum is taken over all minimal genus Seifert surfaces for K.
Remark. It is important in the proofs of some results below that the (first stage) Seifert surface be of
minimal genus.
Since each g(αi;K) is invariant under isotopies of S3, the first-order genus of K is an isotopy invariant
of K. We explain presently that g1(K) measures the geometric complexity of a certain mapped-in grope
of height two that is bounded by K. The first stage of this grope is a minimal genus Seifert surface
for K. To each αi (respectively βi) on Σ, attach a surface with genus g(αi;K) (respectively g(βi;K));
these second-stage surfaces are embedded in S3−K with boundary αi (or βi) and may intersect (in their
interiors) the first-stage surface Σ and the other second-stage surfaces. We call this type of grope a weak
grope of height two. The first-order genus of K is the smallest sum of the genera of the second-stage
surfaces of a weak grope of height two that is bounded by K.
As described above, any knot in S3 bounds a weak grope of height two. This geometric fact is
slightly stronger than the algebraic fact that the longitude of K lies in the second derived subgroup of
pi1
(
S3 −K). In fact, a knot K bounds a mapped-in grope of height n if and only if the longitude lies
in the n-th derived subgroup of pi1
(
S3 −K) (cf. Teichner [Tei04]). One could define the n-th-order
genus of a knot in a fashion similar to our Definition 2.1, but such a definition would be valid only for
knots whose longitude lies in the n-th derived subgroup of pi1
(
S3 −K). This is a farily big restriction,
as [Coc04, Proposition 12.5] states that if the preferred longitude lies in the third derived subgroup, then
the Alexander polynomial is trivial.
We now state some basic results.
Proposition 2.2 (Injectivity). g1(K) = 0 if and only if K is the unknot.
Proof. Suppose K is a knot with g1(K) = 0 and g(K) = g > 0. Pick a Seifert surface Σ and symplectic
basis α1, β1, . . . , αg, βg that realize g1(K) = 0. Let x be a point on K and for i = 1, . . . , g, let γi denote
a path from x to the point αi ∩ βi. Since g1(K) = 0, each αi and βi bounds a disc in S3 −K, hence
γiαiγi = γiβiγi = 1 ∈ pi1
(
S3 −K,x) for each i. Let ` denote the preferred longitude of K. Since
` = γ1[α1, β1]γ1 · · · γg[αg, βg]γg, ` = 1 ∈ pi1
(
S3 −K). By the unknotting theorem, K is the unknot. 
Proposition 2.3. For any knot K, g1(K) ≥ 2g(K).
Proof. If K is the unknot, we have nothing to prove. Otherwise, let α be any basis curve for H1(Σ),
where Σ is a minimal genus Seifert surface for K. If α bounds a disc embedded in S3 − K, then
ker
(
pi1(Σ)→ pi1
(
S3 −K)) 6= 1. By a well-known lemma in 3-manifold topology [Hem76, Lemma 6.1],
there is a disc D ↪→ S3 −K with D ∩ Σ = ∂D and [∂D] 6= 1 ∈ pi1(Σ). Let β0 = ∂D ⊂ Σ, and let β1
denote a small pushoff of β0 in S, i.e. β0
∐
β1 bounds an annulus A embedded in Σ. Observe β0∩β1 = ∅
and D ∩ Σ = β0 imply D ∩ β1 = ∅; thus lk(β0, β1) = 0, and the annulus A extends to an embedding
D2 × [0, 1] ↪→ S3 − K such that D2 × {i} = βi for i = 0, 1, A = ∂D2 × I, and
(
D2 × I) ∩ Σ = A.
Therefore (Σ−A)∪D0 ∪D1 is an embedded Seifert surface for K with genus strictly smaller than that
of Σ, contradicting g(Σ) = g(K). 
Corollary 2.4. There exist knots with arbitrarily high first-order genera.
Theorem 3.4 complements the preceding corollary by proving the existence of genus one knots with
arbitrarily high first-order genera.
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Proposition 2.5 (Subadditivity). For any knots K and J , we have g1(K#J) ≤ g1(K) + g1(J).
Proof. We omit the technical details of this proof but give the main idea. Any point on K has a three-
dimensional neighborhood that does not intersect the second-stage surfaces of a weak grope realizing
g1(K). We can pick any point on K and any point on J and perform the connected sum along these small
neighborhoods. The result is a weak grope of height two that bounds K#J , and its first-stage surface is
of minimal genus. Adding up the genera of the second-stage surfaces yields the desired inequality. 
3. Examples
In this section, we supply many examples in hopes of convincing the reader that our invariant is
computable in many cases.
Example 3.1. Consider the right-handed trefoil T . Below is a picture of the (unique) minimal genus
Seifert surface for T with a symplectic basis of curves.
One sees that each of the basis curves bounds a punctured torus that does not intersect T by pushing
each curve off of the surface and then tubing around part of T . The sum of the genera of the basis
curves is equal to 2, and in light of Proposition 2.3, we conclude g1(T ) = 2.
A similar argument will prove that the first-order genus of the figure-eight knot is also equal to 2.
One might ask if the first-order genus can distinguish knots of genus one. We answer in the affirmative.
Proposition 3.2. Let J be a nontrivial and noncable knot, and let Wh0(J) denote the (positively- or
negatively-clasped) untwisted Whitehead double of J . Then g1(Wh0(J)) = 1 + g(J).
Proof. Let J be a knot which is neither the unknot nor a cable knot. Let K = Wh0(J) be the untwisted
Whitehead double of J . Consider the genus one Seifert surface Σ with symplectic basis α and β depicted
in Figure 1 (α is the labeled curve, and β is not labeled).
Jα
K = ∂Σ
J
N(J)
α
Figure 1. The seifert surface with the basis curves, and the knot inside the companion torus
One can see that β bounds an imbedded, punctured torus by tubing around K. Notice that α has
genus g(J), so any imbedded surface in S3−K with boundary α must have genus at least g(J). Pushing
α off Σ in the downward direction yields a parallel copy α− of J that does not link the knot K (recall
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K is untwisted); in fact, K ∪ α− is a boundary link with K = ∂Σ and α− the boundary of a (parallel
copy of a) minimal genus Seifert surface for J . Thus, α bounds an imbedded, oriented surface of genus
g(J), and g(α;K) + g(β;K) = 1 + g(J).
Now let x and y be any symplectic basis for Σ. Without loss of generality, suppose x = nα + mβ
where n > 0. We see x is a satellite of J by Figure 1.
By a result of Schubert [Sch53], g(x) ≥ n g(J), where g(x) is the genus of x in S3. Since g(x;K) is at
least g(x) and g(y;K) is at least one (by Proposition 2.3), we see g(x;K) + g(y;K) ≥ g(J) + 1. Since
{x, y} is an arbitrary symplectic basis for Σ, min{g(x;K) + g(y;K)} ≥ g(J) + 1, where the minimum is
taken over all symplectic bases of Σ.
A result of Whitten [Whi73] guarantees that any minimal genus Seifert surface for K = Wh0(J) is
isotopic to Σ, provided J is a nontrivial and noncable knot. As this is the case at hand, g1(K) ≥ g(J)+1.
Since we realized a triple (Σ, α, β) with g(α;K)+g(β;K) = g(J)+1, we conclude g1(K) = g1(Wh0(J)) =
g(J) + 1. 
Proposition 3.3. Let Kn be the knot bounding the Seifert surface Vn pictured below:
Kn = ∂Vnx1 y1 x2 xn yn+
−
2n+ 1
twisted
strands
Then for each n ≥ 1, g(Kn) = n, Kn is a not a cable knot, and Kn is a ribbon knot.
Proof. Following the notation of Kawauchi [Kaw84], Kn = K(−3, 3,−3, . . . , 3,−3), where the final ‘−3’
is the (2n+1)-th entry. The Kn are pretzel knots and hence simple by [Kaw84]. The genus of the surface
Vn is n, and x1, y1, . . . , xn, yn form a (non-symplectic) basis for Vn. One computes the Seifert matrix of
Vn to be
θn =

0 2 0
1 0 −1 0
0 −2 0 2 0
0 1 0 −1 0
. . . . . . . . . . . . . . .
0 −2 0 2 0
0 1 0 −1 0
0 −2 0 2
0 1 0

and one expands by the first column of θn− tθTn to prove inductively that ∆Kn(t) = det
(
θn − tθTn
)
=(−2t2 + 5t− 2)n. We conclude that Vn is a minimal genus Seifert surface for Kn and g(Kn) = n.
We see a ribbon disc for K2:
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A ribbon disc for Kn may be drawn in a similar fashion. 
We now have infinitely many knots with identical classical invariants but distinct first-order genera.
Theorem 3.4. There exists an infinite family of (distinct) knots H with the property that for all K,J ∈
H with K 6= J , the following hold:
(1) g(K) = 1,
(2) ∆K(t) = 1,
(3) K is smoothly slice, and
(4) g1(K) 6= g1(J).
Proof. Let H = {Wh0(Kn) : n ≥ 1} where Kn are defined as in Proposition 3.3. It is well-known that
the untwisted Whitehead double of a smoothly slice knot is smoothly slice and that the Alexander
polynomial of such a knot is trivial. Proposition 3.2 implies g1(Wh0(Kn)) = 1 + n. 
Remark. In [BJ06] Brittenham and Jensen proved the canonical genus of a Whitehead double of a
certain type of pretzel knot K was equal to the crossing number of K. In Kawauchi’s notation, the
pretzel knots of Brittenham and Jensen were of the form K(k1, . . . , kn), where k1, . . . , kn ≥ 1. Since our
pretzel knots are of the form K(−3, 3,−3, . . . , 3,−3), our first-order genus can distinguish knots that
were not studied in [BJ06].
4. First-order Genus and Seifert Surfaces
We saw in Proposition 3.2 that if a knot has a unique minimal genus Seifert surface, the calculation
of the knot’s first-order genus is greatly simplified. In this section, we calculate the first-order genus of
a large family of genus one knots by proving that any minimal genus Seifert-surface for our knots must
have a particular symplectic basis. As in Proposition 3.2, our present knots are satellites.
Definition 4.1. For knots J and L and integers m and n, define K(J, L,m, n) to be the knot depicted
in Figure 2; the left-hand strands are tied into the knot J and twist m full times around each other.
When m = n = 0, we denote this knot by K(J, L). In addition, let R denote the set of nontrivial knots
in S3 which are neither torus nor cable knots.
m n
J L
Figure 2. The knot K(J, L,m, n)
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The purpose of this section is to obtain a lower bound for the first-order genus of K(J, L,m, n) when
J, L ∈ R. In finding this lower bound, we discover a remarkable fact about any minimal genus Seifert
surface for K(J, L,m, n) (cf. Theorem 4.11).
4.1. Certain K(J, L,m, n) are Satellite Knots. There is a swallow-follow torus tied in the knot J ;
for example, a swallow-follow torus is obtained by tying the solid torus V from Figure 3 into the knot
J (and twisting m times). Figure 6 shows the swallow-follow torus that is tied into the knot L (ignore
the D for now). We aim to show that in certain cases, K is a satellite of J (or of L).
V V
L
n
PL,n Pn
µ
n
η
Figure 3. The pattern knots PL,n and Pn, as well as the solid torus η
Proposition 4.2. Suppose n = 0. Then K is a satellite of of J if and only if L is nontrivial.
Proof. If L is the unknot, then K is the unknot, which is not a satellite of J . Now suppose that L is
nontrivial. Consider the swallow-follow torus VJ that contains K. Then K is geometrically essential in
VJ if and only if the pattern knot P is geometrically essential in V , where P = PL,0 as in Figure 3. Let µ
denote the meridian of V . Suppose µ bounds a disc in V missing P . By Dehn’s lemma, we may assume
this disc D is properly imbedded. There is a twice punctured disc N bounded by µ and two meridians of
P . Assume that N and D have common boundary and intersect transversely in their interiors. Using a
cut-and-paste procedure, we may remove intersection curves that are inessential in N . Let β be a curve
in N ∩ D that is essential in N . Now β bounds a subdisc of D that is disjoint from P , which means
lk(β, P ) = 0.
Claim: This β is isotopic in N to µ. Since β is an essential simple closed curve in a planar surface
with only three boundary components, β must be boundary parallel. Two of the boundary components
algebraically link P in a nontrivial way, so β must be parallel to µ.
Thus, we may (if β is outermost in N) replace D with a disc that intersects N in fewer essential
curves. We have proven that if µ bounds a disc in V −P , then µ bounds a disc in V − (P ∪N). Now cut
V − P along N to obtain a ball with two knotted handles burrowed out (see Figure 4); call this space
X.
L
L∼µ
µ
Figure 4. The space X
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µ
L
Figure 5. Parallel copies of L
Since the disc D bounded by µ missed N , µ bounds a disc in X. Attach two arcs A and A′ to the
arcs in X to obtain a link that is comprised of two parallel copies of L (see Figure 5).
After viewing Figure 5, one sees that the curve µ bounds a disc D′ in S3 −X −A−A′, and D ∪D′
is a two-sphere S. Since D splits the strands of the link in X and D′ splits the strands of the link in
S3 −X, the two-sphere S splits the link. Since the link consists of two parallel copies of L, there is an
annulus A spanning the link. Since S splits this link, there is a (simple closed) curve γ in A ∩ S that
is essential in A, hence isotopic to L. Now γ is a knot in a two-sphere, so γ and L must be trivial, a
contradiction. 
Proposition 4.3. Let Pn and V be as in Figure 3. If n 6= 0, then Pn is geometrically essential in the
solid torus V .
Proof. We must show that a meridian µ of V does not bound a disc in V −Pn. Consider the link µ∪Pn
pictured below:
n
µ
Pn
It suffices to show that µ does not bound a disc in the complement of Pn. By [Rol76], the multivariable
Alexander polynomial of this link is n(1− x)(1− y). For our purposes, it is inconsequential whether x
corresponds to the meridian of µ or of Pn. What is important is that the x-degree (and y-degree) of this
polynomial is one. Now µ cannot bound a disc that is embedded in the complement of Pn, as Corollary
10.4 of [Har05] implies the first betti number of a surface bounded by µ will be greater than one. 
Lemma 4.4. Let PL,n and Pn denote the pattern knots in solid torus V pictured in Figure 3. The
manifold V − PL,n can be obtained by replacing the solid torus η in V − Pn with the exterior E(L) of L
in such a manner that identifies the longitude of L with the meridian of η, and the longitude of η with
the meridian of L.
We ommit the proof of this well-known lemma.
Proposition 4.5. Let K = K(J, L,m, n). If n 6= 0, then K is a satellite of J .
Proof. Let us work with the pattern knot PL,n in the solid torus V . We think of the alternate description
of V − PL,n from Lemma 4.4. Let f : V ↪→ S3 be an embedding that ties V into the knot J and taking
PL,n to K (note that f is faithful if and only if m = 0). It suffices to prove PL,n is geometrically essential
in V , which will be proven by contradiction.
Assume the meridian µ of V bounds a disc D in V − PL,n and that D and ∂η are transverse. The
intersection of D and ∂η is a collection of simple closed curves. By a standard cut-and-paste argument,
we may eliminate the intersection curves that are inessential in ∂η. Now we have that D ∩ ∂η consists
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of simple closed curves γ1, . . . , γl that are essential in ∂η. Since ∂η is a torus, any two of the γi cobound
exactly two annuli in ∂η. Since D is a disc, D−γi is disconnected. Since L is nontrivial, the component of
D−γi that does not contain ∂D must intersect ∂η somewhere besides γi; thus this component intersects
∂η in another curve γi′ . This proves that there are curves γi and γj that cobound an annulus A ⊂ D
with the property that A is properly embedded in E(L). Let B ⊂ ∂η be one of the annuli cobounded by
γi and γj . Using a product neighborhood of ∂η, let B′ denote a small pushoff of B into V −Pn; denote by
γ′i and γ
′
j the boundary components of B
′. Form an immersed disc D′ by gluing B′ to the component of
D−γ′i−γ′j that contains ∂D. Observe that the singularities of D′ are contained in D′−∂D′− (D′∩∂η)
and that D′ intersects ∂η in l − 2 curves.
We may apply this argument until we are left with an immersed disc D with no singularities on the
boundary, which is µ, and D is disjoint from ∂η. Thus, this disc lies in V − (Pn ∪ η). By Dehn’s lemma,
µ bounds a properly embedded disc in V − Pn, contradicting Proposition 4.3. 
Combinging Propositions 4.2, 4.3, and 4.5, we have
Theorem 4.6. Let K = K(J, L,m, n). Then K is a satellite of J if and only if one of the following
hold:
(1) n 6= 0, or
(2) n = 0 and L is a nontrivial knot.
4.2. Seifert surfaces of K(J, L,m, n). There is an obvious genus one Seifert surface for K, called the
standard Seifert surface for K. Theorem 4.6 gave the necessary and sufficient conditions for K to be a
winding number zero satellite of J (and of L). Let N(J) (respectively, N(L)) denote the solid companion
torus whose core is the knot J (respectively, L); unless otherwise specified, we assume that K lies in the
interior of N(J). Observe that K may not lie in both the interior of N(J) and the interior of N(L). We
say K is of order 2 with respect to J (respectively, L), since there is a properly embedded disc in N(J)
(respectively, N(L)) that intersects K twice, and 2 is the minimal number of intersection points over all
such discs. Since K is a satellite of J , K must be nontrivial and of genus one. While we do not prove
that K has a unique genus one Seifert surface, we aim to say something significant about an arbitrary
Seifert surface for K.
In the case n = ±1 and L is the unknot, K(J, L,m, n) is the positively- or negatively-clasped, m-
twisted Whitehead double of J . In [Whi73], Whitten showed that Whitehead doubles of R-knots have
a unique genus one Seifert surface up to isotopy. His first step was to isotope an arbitrary genus one
Seifert surface into the neighborhood of the companion. Here we prove a similar result for K(J, L,m, n)
where J, L ∈ R.
Theorem 4.7. Let K = K(J, L,m, n) where J, L ∈ R. Then any minimal genus Seifert surface for K
may be isotoped to lie in the interior of V = N(L).
Proof. Suppose K ⊂ V˚ . Let S be a genus one (minimal genus) Seifert surface for K. Assume S and
T = ∂V are transverse. Then S ∩ T is a disjoint collection of simple closed curves. If some intersection
curve δ is inessential in T , then δ bounds a 2-disc ∆ ⊂ T . Take an innermost (on T ) such curve δ, so
that ∆˚ ∩ S = ∅. By Proposition 2.3, the fact that δ is not parallel to K (δ is the unknot, while K has
genus one), δ bounds a disc D ⊂ S. The 2-sphere ∆ ∪ D bounds a 3-cell disjoint from S − D, since
δ is innermost. We may use this 3-cell to isotope D across T , hence eliminating the curve δ from the
intersection of S and T .
Having eliminated all inessential intersection curves by isotoping S, we see S∩T is a disjoint collection
of curves γ1, . . . , γk, each of which is essential on the torus T . We may order them so that for each i,
γi
∐
γi+1 bounds an annulus in T that does not intersect the other γ curves. We see that these γi are
parallel on the torus T , and we will see presently that they are also parallel on the punctured torus S.
The two claims below imply that each γi is essential in H1(S). By the classification of the curve complex
of the punctured torus [Min99], the γi must be isotopic (parallel) in S.
Claim 1: No γi bounds a disc in S. If γi did bound a disc in S, the disc could not lie inside V , as any
properly embedded disc in V would intersect K, since K is a satellite of L. Therefore this disc would be
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properly embedded in S3 − V˚ , implying γi is a longitude of L and that L has genus zero, contradicting
the assumption L is nontrivial.
Claim 2: No γi is parallel in S to K. This follows from the fact that γi is an embedded, essential
curve in T and K has winding number zero in V and is geometrically essential in V . Thus, K cannot
be isotoped in V to γi.
Claims 1 and 2 imply each γi is essential in H1(S), so S−γi is connected. Since the γi are parallel on
S and essential in H1(S), S −∪γi is a twice punctured disc together with a collection of disjoint annuli
(there are, in fact, k − 1 of these annuli). As per Whitten’s proof, there are three cases:
(i) each γi has winding number 1 in V ,
(ii) each γi is a cable of L, or
(iii) each γi is a meridian of V .
Whitten’s proof for cases (i) and (ii) works in our current situation, so we omit these cases and refer
the reader to [Whi73]. We show presently that case (iii) cannot occur.
If γ1 is a meridian of V , let D be the disc in V bounded by γ1 that intersects K in 2 points (see
Figure 6). Let α be a small pushoff of γ1 that lies outside of V and does not intersect S. Then α bounds
a disc D′ with D ⊂ D′. We may assume S and D′ are transverse, so S ∩ D′ is a collection of simple
closed curves and one arc σ, the boundary of which is two points on K:
σ
ζ
Suppose δ is one of these simple closed curves in S ∩D′. Assume δ is an innermost curve with the
property that the subdisc ∆ of D′ bounded by δ misses σ. This δ must also bound a disc ∆′ ⊂ S, and
∆ ∪∆′ bounds a 3-cell that intersects S only in ∆′. We may isotope S through this 3-cell to eliminate
the curve δ from the intersection of S and D′.
J
m
L
n
DN(L)
Figure 6. The knot K in the companion torus N(L) with disc D
Now we may assume that S∩D′ is the arc σ together with some closed curves that encircle σ. Choose
an innermost such curve ζ. Now ζ is not parallel in S to K, since ζ is the unknot. Since the unknot is
fibered, any disc bounding ζ may be isotoped inside V . Since K is geometrically essential in V , any disc
in V bounding ζ must intersect K, and so ζ does not bound a disc in S. We have shown that ζ does
not separate S. Cut S along the disc ∆ ⊂ D′ with ∂∆ = ζ; this cuts S along σ (see Figure 7). Glue two
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Figure 7. S cut along the disc ∆
J
m
J
m∼
∆ ∆
S −∆A
AK 
Figure 8. The boundary of the new surface Σ and a schematic of Σ
copies of ∆ and two copies of σ to S −∆ to obtain a (disconnected) surface Σ spanning the link that
consists of two parallel copies of J (see Figure 8); here our choice of D is crucial.
Since S has genus one, Σ must be the disjoint union of two discs, hence J is the unknot, contradicting
the nontriviality of J . We conclude that ζ cannot be a meridian of V . 
Definition 4.8. Let A be an oriented annulus whose core curve is a knot J and such that the boundary
curves have linking number m. Define the oriented two-component link MmJ to be the boundary of A.
Figure 8 depicts MmJ . There is an obvious annulus in Figure 8 spanning M
m
J ; call this annulus the
standard annulus spanning MmJ .
Lemma 4.9. Let A and B be arcs in R2 with common boundary, and assume A and B intersect
transversely. Enumerate the intersection points a0, . . . , an ∈ A and b0, . . . , bn ∈ B so that
• a0 = b0 and an = bn,
• ∂A = ∂B = a0 ∪ an = b0 ∪ bn, and
• for each i, ai and ai+1 are adjacent as points on A, and bi and bi+1 are adjacent as points on
B.
If σ denotes the permutation determined by ai = bσ(i) for each i = 0, . . . , n, then for some i,
|σ(i+ 1)− σ(i)| = 1; that is, bσ(i) and bσ(i+1) are adjacent on B.
Proof. Let σ denote the permutation described above. First note that σ(0) = 0 and σ(n) = n. The
claim is clearly true if n = 1, so assume n > 1. Let A1 denote the subarc of A bounded by a0 and
aσ−1(1), and let B1 denote the subarc of B bounded by b0 and b1. Now A1 ∪B1 is a circle that bounds
precisely one disc D1 in R2. Either an ∈ D1 or an 6∈ D1.
Assume an ∈ D1. The reader may refer to Figure 9 for a picture. Let An denote the subarc of A
bounded by aσ−1(n−1) and an, and let Bn denote the subarc of B bounded by bn−1 and bn. Since Bn
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contains none of the bi in its interior, Bn must lie in D1. Since an ∈ D1, the entire arc A must lie in
D1. In particular, An ⊂ D1. Let Dn denote the disc in R2 bounded by the circle An ∪Bn. Observe that
Dn ⊂ D1 and a0 6∈ Dn.
a0 an
b1 = aσ−1(1)bn−1 = aσ−1(n−1)




B1
Bn
Figure 9. The arcs A and B.
We have established that a0 6∈ Dn or an 6∈ D1. Without loss of generality, assume a0 6∈ Dn.
Now
∣∣σ−1(n− 1)− σ−1(n)∣∣ = ∣∣σ−1(n− 1)− n∣∣ > 0. If ∣∣σ−1(n− 1)− σ−1(n)∣∣ = 1, we may proceed
with the next paragraph of the proof. If
∣∣σ−1(n− 1)− σ−1(n)∣∣ > 1, there must be some ai that lie in
the interior of An. Thus, there is a subarc B′ of B that is properly embedded in Dn with boundary in
the interior of An.
Write ∂B′ = aσ−1(j) ∪ aσ−1(j−1) for some j. Observe that∣∣σ−1(j − 1)− σ−1(j)∣∣ < ∣∣σ−1(n− 1)− σ−1(n)∣∣
By the preceding paragraph, we can find a k such that
∣∣σ−1(k − 1)− σ−1(k)∣∣ = 1, and the proof is
complete. 
Lemma 4.10. If J ∈ R, then any two annuli with common boundary MmJ are isotopic rel boundary.
Proof. Let A and B be annuli with common boundary MmJ . Assume the interiors of A and B intersect
transversely, so that A∩B is a collection of disjoint simple closed curves on A, including the two boundary
components. If any intersection curve bounds a disc in A, it must also bound a disc in B. Picking an
innermost curve on A, we may isotope B to eliminate the curve from the intersection without creating
new intersection curves.
We now have A ∩ B = a0
∐ · · ·∐ an, where a0 ∪ an = ∂A = ∂B. Assume that we have ordered the
ai so that ai ∪ ai+1 is the boundary of a subannulus Ai+1 of A with the property that Ai+1 ∩ aj = ∅ if
j 6= i, i+ 1. We say that ai and ai+1 are adjacent on A, and we call Ai+1 an adjacency annulus on A.
If n = 1, then A ∪B is an embedded torus, which must bound a solid torus V . Since J is isotopic to
a0 and is not a cable, J must be a winding number one satellite of the core of V . Write [J ] = [λ]+q[µ] ∈
H1(∂V ), where λ is a core curve of V , and µ is a meridian of λ. By a theorem of Schubert [Sch53, Satz,
p. 165], A is isotopic rel boundary to B in V , completing the proof for the case n = 1.
Assume n > 1. Let c be a nonseparating arc that is properly embedded in A. Pick a nonseparating
arc d that is properly embedded in B so that d has the same boundary as c and so that c ∪ d may be
isotoped to lie on a disc. We use this disc to take a cross-section of A ∪ B. This cross-section is the
union of two arcs which have common boundary and which are transverse. By Lemma 4.9, we may find
a pair of points in the intersection of c and d that are adjacent on each of c and d. Thus, in the context
of the present argument, we may find a pair of curves in the intersection of A and B that are adjacent
on each of A and B. Denote these curves as ai−1 and ai, and denote the adjacency annuli Ai and Bi.
Let Vi be solid torus bounded by Ai ∪Bi. Observe that Vi ∩ (A ∪B) = Ai ∪Bi. We argued previously
that J is a winding number 1 satellite of Vi, thus Vi is the unique solid torus with boundary Ai ∪ Bi.
Furthermore, the core of Vi is isotopic to J .
By Schubert’s theorem, we may isotope Ai to Bi while fixing ai−1 and ai pointwise. If i 6= n and
i 6= 1, we must push Ai through Bi to maintain the transversality of A and B. If i = n (or i = 1), we
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must push An − an through Bn − an while leaving a0 fixed. Either case may be easily accomplished;
Figure 10 depicts cross-sections of how one might go about accomplishing the task. During this isotopy,
Ai never intersects any of the other Aj , since Ai is an adjacency annulus. Thus, this isotopy of Ai
extends to an isotopy of A, fixing the boundary. The isotopy reduces the number of intersection curves,
and the proof is complete.
Ai
Bi
An
Bn an
Figure 10. Pushing Ai through Bi

Theorem 4.11. If J, L ∈ R and S is a genus one Seifert surface for K = K(J, L,m, n), then S has a
symplectic basis (α, β) where α and J have the same knot type, and β and L have the same knot type.
Proof. By Theorem 4.7, we may assume S ⊂ N˚(L). As in the proof of Theorem 4.7, there is a disc
D properly embedded in N(L) with D ∩ S = σ, an arc properly embedded in S, and S − (σ × (−, ))
is an annulus B bounding MmJ (see Figure 8). Lemma 4.10 permits us to assume B is the standard
annulus spanning MmJ . Let β be the core curve of B, so that β ∼ J . Pick a point x ∈ σ˚. Again using
Lemma 4.10, let α′ denote a properly embedded arc in B joining x × − to x ×  that intersects β in
only one point. Let α = α′∪ (x× (−, )). Since S may be isotoped into N(J), we may pick α′ so that α
is isotopically trivial (i.e. geometrically inessential) in N(J). From a geometric point of view, we must
carefully pick α′ so that α “does not wrap around β.” Observe α is a simple closed curve intersecting β
in one point. We conclude (α, β) is a symplectic basis for S.
Now isotope S to lie in N˚(J). Since α is isotopically trivial in N(J), there is a disc D properly
embedded in N(J) such that D ∩ S = δ is an arc properly embedded in S with δ ∩ α = ∅ and δ ∩ β is a
point. Cutting S along D yields an annulus A bounding MnL , and the curve α lies on A. By Lemma 4.10,
α ∼ L. 
Corollary 4.12. For J, L ∈ R, g1(K(J, L,m, n)) ≥ g(J) + g(L).
Proof. Let S be a genus one Seifert surface for K = K(J, L,m, n), and equip S with a symplectic basis
(α, β) from Theorem 4.11. We may write any basis for H1(S) as x = pα+ qβ and y = rα+ sβ, where
det
(
p q
r s
)
= 1
Without loss of generality, assume p 6= 0. Since S may be isotoped to lie in N(J), x is a winding
number p 6= 0 satellite of J . Similarly, if s 6= 0, then y is a winding number s 6= 0 satellite of L. On the
other hand, if s = 0, then r 6= 0 and q 6= 0, in which case y is a winding number r 6= 0 satellite of J , and
x is a winding number q 6= 0 satellite of L. In either case, g(x) + g(y) ≥ g(J) + g(L). 
Example 4.13. Let K = K(J, L) where J, L ∈ R. We claim g1(K) = g(J) + g(L). Let S be the
standard Seifert surface for K. We may construct a weak grope for K by attaching a minimal genus
Seifert surface for J to S from the front, and a surface for L to S from the back. The sum of the genera
of these two surfaces is g(J) + g(L), and Corollary 4.12 allows us to conclude that g1(K) = g(J) + g(L).
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